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Asymmetric wave-stress tensors and wave spin
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Linearized wave-stress tensors derived from Hamilton’s variational principle
may be asymmetric. If interpreted as momentum fluxes, they would lead to
lack of conservation of orbital angular momentum. It is shown that changes in
internal angular momentum or spin of waves and torque coupling to external
fields can adequately provide conservation of total angular momentum in such
cases. Examples are given for acoustic, internal gravity, Rossby and plasma
waves.

1. Introduction

One of the standard techniques of both classical and quantum field theory
makes use of Hamilton’s variational principle to derive conservation equations
for an energy-momentum tensor. This tensor is described in terms of the field
variables ¢? and Lagrangian density of the system. The components of this
tensor are identified as energy and momentum densities and fluxes; momentum
fluxes are equivalent to the negative of a stress tensor. This identification is made
by equating the integral of energy density over the system with the system Hamil-
tonian; identification of momentum components is not so clear. Both identifica-
tions are complicated by the fact that the canonical energy—momentum tensor so
derived is unique only to within a divergence.

The variational approach may also be applied to linearized wave theory, using
a Lagrangian quadratic in wave perturbations. The Euler-Lagrange equations
are then the linearized equations for the system, while the energy-momentum
equations describe the behaviour of ‘wave energy’ and ‘wave momentum’,
which are quantities quadratic in the perturbations. In view of the fact that the
quadratic ‘wave Lagrangian density’ is only part of the total Lagrangian density,
as well as the original lack of uniqueness, identification of wave energy and
momentum with physical energy and momentum is rather tenuous (cf. Morse &
Feshbach 1953; Sturrock 1961, 1962; Bretherton & Garrett 1968; Jones 1971),
It may be that the best identifications can be made by post koc considerations of
wave energy—momentum tensor components as they are derived for special
cases.

We are particularly concerned with spatial components of the wave energy-
momentum tensor, which we shall call the wave stress tensor. This stress tensor
appears in source terms for wave energyinshearing flow (Garrett 1968; Bretherton
& Garrett 1968), as well as in equations for wave momentum. Bretherton (1969)
has derived components of this tensor as the vertical flux of horizontal momentum
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inrotating fluids. The wave-stress tensor forms a part of, though not necessarily all
of, the radiation stress tensor defined for acoustic waves (Brillouin 1964) and
water waves (Longuet-Higgins & Stewart 1969).

One argument made against the wave-stress tensor as a true stress tensor
is that it is frequently not symmetric; if it were then equated to a negative momen-
tum flux it would violate conservation of angular momentum. For example,
Sturrock (1961, 1962) finds that wave momentum density equals wave-energy
density multiplied by k/w, where k is the wavenumber vector and w the wave
frequency. Wave momentum flux equals wave momentum density multiplied
by group velocity. If phase and group velocities are not collinear, and if we
interpret wave momentum density as a true momentum density, then the motion
of the packet will appear to change the angular momentum of the system.

The argument for symmetry in stress tensors is valid for non-polar materials;
it does not hold for polar materials that have an internal angular momentum or
spin which can be coupled with orbital angular momentum or moment of linear
momentum (MeLennan 1966). We shall show that, on averaging over a wave in
non-polar materials, one may obtain a spin-like quantity, quadratic in the wave
perturbation variables. The conservation equation for this quantity has two
source terms. The first is coupling to orbital angular momentum; the second is
coupling through torque terms to external fields.

Through consideration of wave spin we can make an asymmetric wave stress
tensor consistent with conservation of angular momentum. While the wave
changes the orbital angular momentum of the medium, it also exerts a torque
on an external body (the earth for internal gravity waves) or field (the zero-order
magnetic field for magneto-acoustic and plasma waves) or changes its own inter-
nal angular momentum (for obliquely propagating Rossby waves on a #-plane).

In §2 we review the classical results for linear and angular momentum in polar
materials, first by direct arguments and then from the variational point of view.
Tn§§ 3-5 the results are applied to several waves of geophysical and fluid-dynamic
interest.

2. Linear and angular momentum

We begin by defining the following scalar and vector and tensor components:
p = density,
r™ = m component of the position vector
v™ = m component of velocity (that is, of momentum density divided by mass
density)
Fm = m component of external or body force
Tmn = gtress tensor, force in the m direction per unit area normal to the » axis
R™ = gpin or internal angular momentum corresponding to rotation from the
m axis to the » axis
G™n = external body torque acting to produce rotation in m—n sense
Mmne = gouple stress tensor, producing an m—n torque per unit area normal to
the g axis
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The stress tensor and couple stress tensor are respectively the negatives of
momentum flux and spin flux.
The differential equation for linear momentum is

0 oTmn

7P =

1
= + I, ey

while the equation for angular momentum is

gz [Rmn +p(7‘m’0" — 7‘"’0"")] = a_i_q [anp + (ranq — 7'"'qu)]
+ Gmn + ympn _ pnfim, (2)

In (1) the stress tensor includes Reynolds as well as material stresses. The left-
hand side of (2) describes the rate of change of two kinds of angular momentum;
the first is spin or internal angular momentum, the second is the moment of linear
momentum. The first term on the right-hand side is the divergence of the total
couple stress, consisting of the couple stress tensor and the moment of the linear
stress tensor. The final terms are the body torque and the moment of the body
force.

Equation (2) may be rewritten with the aid of (1) to give

OR™™ [0t = 9 M™™ [0aA + Tmm — Tmn - Gmn, (3)
In a non-polar material B»", M™n and G™" are all zero. This requires that
Tmn—Tom = Q, (4)

i.e. that the stress tensor is symmetric. This is not true for a polar material,
where agymmetry in 77* may be balanced by body torques, time variation in
spin density or divergence of the couple stress tensor or spin flux. As the Reynold
stress terms — pv™v™, are symmetric, they obviously cancel in (3).

If one has a Lagrangian density L, which is a funetion of field variables ¢?
and their derivatives, one can also derive conservation equations for energy and
both linear and angular momentum from Hamilton’s variational principle. We
shall use Greek indices if quantities refer to either time or space, Latin indices if
they arespatial co-ordinates and ¢ if time isspecifically meant. As we deal with non-
relativistic Cartesian co-ordinates, no distinction will be made between contra-
variant and covariant indices. Repeated indices imply summation and

¢f‘ = 0¢*/0wr. (5)
The variational principle states that
8 [ Ltz = 0. (6)

By choosing specific forms of variation one can derive the Euler-Lagrange equa-
tions (Akhiezer & Berestetskii 1965)

0 (8L) oL
—\l=—=)-===0, 7
52 \ogt) " o (7)
and the energy—-momentum equations
T |oa” = 0, (8)
where Tw = ¢ (oLjogi) -4, L. 9)
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The Euler-Lagrange equations form the governing equations for the system.
If T is integrated over all space, the integral equals the system Hamiltonian;
hence T* is identified as an energy density. From this conclusion one identifies
— Tt asmomentum density, 7" as energy flux, — 7™ as momentum flux and
Tmn ag a stress tensor. Equation (8) holds only for closed systems, where L has
no explicit dependence on x*.

It is usual to point out that 7#”isnot unique, as L is not unique. If f»7is any
third-order tensor antisymmetric in its last two indices, then

Tww = Twr 4 fuvo o0 (10)

also satisfies the conservation equation

]
oTw [ = 0. (11)
This principle is often'employed to obtain a symmetric energy-momentum tensor

[«]
T« from the canonical tensor T4,

If we take variations in the form of infinitesimal rotations, we obtain a con-
servation equation for angular momentum. Let

Mo = 4oV The — gV Sk, (12)
where Spo = 1,00 0L[0g]. (13)
1

»ij are the infinitesimal operators of the Lorentz group. For our purposes

I/W'i]' = 8,1!1'. avj - 8/”' avi' (14)
Then, from the variational principle, one can show that
8Mr o = 0. (15)

M is identified as the angular momentum four-tensor, with M#** as density
and M as flux. Total angular momentum is thus conserved.

We shall be concerned only with spatial angular momentum Mm»?, Total
angular momentum density consists of two parts. Orbital angular momentum
density

anmt — mant ( 1 6)

is the moment of linear momentum density. 8™ is an internal angular
momentum density or spin density, which can be identified with k™,

Equations (8) and (15) would be equivalent to (1) and (2) for a closed system
with no external body forces and torques. In the presence of such external forcing,
(8) and (15) would have non-zero right-hand sides. These would contribute to
an equation for spin conservation.

Let us write an equation for conservation of spin, by differentiating (13) and
substituting (9):

38’""”/33:‘7 — _Tmn+ Tnm+Gmn’ (17)

. oL . oL oL
where Go= [ [¢*3—¢;~ + ¢3%Z + ¢g%;—_f] , (18)
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@™ must be the body torque experienced by an open system, by comparison of
(3) and (7). In a closed system G™* is zero, since from (8), (12) and (15) for a closed
system
o8mn | pgs = — T'mn 4 Tnm, (19)

The variational principle is applied to linearized wave systems by using &
Lagrangian density that is quadratic in perturbation quantities. (See Morse
& Feshbach (1953) and Jones (1971) for reviews.) The Euler-Lagrange equations
are then the linearized perturbation equations for the system. T+ and 8™ are
then quadratic in the perturbations. Interpretation of these quantities as com=
ponents of total energy and momentum densities and fluxes is now doubly diffi-
cult. Not only does the original lack of uniqueness persist, but the quadratic
Lagrangian is only a part of the total system Lagrangian and conclusions about
wave energy and momentum are as approximate as the linearized perturbation
equations. (We shall use the word ‘wave’ as an adjective, denoting ‘quadratic
in perturbation variables’.)

In view of these difficulties, post hoc identification of the various components
is highly desirable. We shall consider our results for a number of waves in the
following sections.

3. Stratified fluid waves
We shall begin by using a wave Lagrangian density derived by Hayes (1970)
on the basis of an analysis by Eckert (1963):
0
dxroxs”

2
L= jpbf—bpar -5 gues TL _yprres

oxoxs (20)

This expression is valid for compressible stratified fluids in a gravitational field,
and with no mean fluid motion. Thus acoustic and internal gravity waves are
described. We define p = mean pressure, p = mean density, a = sound speed,
E = perturbation displacement and ¢ = gravitational potential. With no mean
motion, and gravity acting in the negative-z direction

oploz =—qp, g = 0Dfoz. (21),(22)
Equation (20) may be written as
L= 3pB &~ 1B e+ gp 80+ g LEED 0, (29)
Eulerian perturbations p’ and p” in density and pressure are given by
P = —(pa*Er + £6,,0p[0z) (24)
and p = —(p&r+£8,,0p/0z). (25)
The Eulerian-Lagrange equations are then simply
pEis+0p' [0t +gp'd,, = 0, (26)

which are readily seen to be the perturbation equations of motion for this system.
The wave stress tensor is
Ton = gng' 8 L. @7)
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Bretherton (1969) has discussed the physical interpretation of the off-diagonal
components of this stress tensor from a particle point of view. Consider a surface
element originally normal to the n-axis. Under the action of the wave this surface
ismoved about and tilted ; the pressure on a tilted surface exerts a net force on this
surface in the m direction. The wave-stress tensor arises from the correlation of
tilt and pressure fluctuations. For an interpretation of the diagonal components
see Jones (1971). 7™ is not necessarily symmetric.
The wave-spin density is

Smnt = L5y PEEL (28a)
= pE"EL — pErEY" (28b)

and is simply the cross product of particle displacement and particle velocity.
Consider a particle moving in an elliptical orbit. If we average the angular momen-
tum of this particle about some arbitrary origin, we obtain a net angular momen-
tum corresponding to S8™#¢; it is independent of the position of the origin and thus
is spin-like. The particle has no average linear momentum, and hence no mean
orbital angular momentum if the latter is taken as the moment of mean linear
momentum. It is in this sense that we can speak of the spin of an averaged
system which has no inherent polar character.
The wave-spin flux is

Smnd = Imnij gip’aqj
= gmplaqn—gnplaqm‘ (29)

Consider an element of surface originally normal to the n axis. As this is shifted
about by the wave motion it may undergo m displacement. If at positive &7
the pressure perturbation is positive and vice versa, the integrated force across the
element produces a net torque on the fluid beyond it.

Now consider the wave torque

Gmr = —Imnijg‘gplajz' (30)
Specifically
G =0, G= =Egp, (31), (32)

but - gp’ is the buoyant force per unit volume acting in the z direction, and hence
G*# i3 the moment of this force. That is, gp’ is the net rate at which momentum
is lost from a particle of unit volume to the earth, and if fluctuations in this
quantity correlate with lateral position, there is a net torque exerted on the earth.

For a uniform periodic wave, the left-hand side of (17) vanishes and we have

Trn_ Pam — Gon, (33)

Thus the change in orbital angular momentum of a fluid induced by a wave
packet carrying momentum not collinear with its group velocity is balanced by
transfer of angular momentum outside the fluid, in this case to the earth.
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4. Waves in rotating systems

We shall drop the effects of buoyancy and include those of an angular velocity
Q of the system. This can be done in the usual meteorological approximation
including Coriolis forees, but neglecting centrifugal forces (Hayes 1970).

L = § p& & — $pa®Er &5 + pe,, E1EL0, (34)

where €rgs58 Q25 = (§; x Q)7 (35)
The Euler-Lagrange equations are

PES,+ 89 207 — 6,4, 21 Q7 = 0, (36)

The wave-stress tensor and the wave-spin flux are unaltered by rotation, and are
given by (27) and (29). The wave-spin density has an added term:

8mnt = LniiplEEL + 6 EEQY. (37)
If the system rotates about the z axis, the added term contributes to S#¥¢ and is
PQERE® + EVEY). (38)

A displacement in a rotating system would be viewed as a change in velocity from
an inertial system. The added term evidently is the correlation of displacement
with this additional velocity perturbation. A related additional term appears
in an Eulerian interpretation of momentum flux as the advection of momentum
by velocity perturbations (Jones 1971).

The wave torque is

G = Iiy PEsalETEE — ELER) Q. (39)
Again considering rotation about the z axis,

Gov = 0, (40)

Go* = p(EvEE — 81 @ = S (+1)

Gvz = — 8%, (42)

The wave torque is equal to the cross product of wave-spin density and system
angular velocity. This is an apparent torque in the same sense that Coriolis forces
are apparent forces. Consider a gyroscope rotating about a horizontal axis, while
mounted on a plane rotating about a vertical axis. In the absence of any forces,
the gyroscope will remain aligned with an inertial axis, but will appear to rotate
in the rotating co-ordinate system. There will be an apparent transfer between
xz—2 and y-z angular momenta.

Sound waves propagating with both vertical and horizontal components in
such a system have asymmetric stress tensors. On the other hand, sound waves
travelling along or transverse to the axis of rotation have

Gmn = 0, (43)

and hence have symmetric stress tensors.
Our equations for wave stress tensors and wave spin tensors are valid in the
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limit @ - co, as they are expressed in terms of perturbation pressures and dis-
placements, thus they are valid for non-divergent Rossby waves computed on a
f-plane where Q is a linear function of y. In this case §7 = 0.

It has been shown (Longuet-Higgins 1964; Buchwalder 1972) that if such
waves propagate obliquely in the z, y plane their group and phase velocities are
not collinear, and hence that

sz— T;/:c + 0. (44)

There are no external torques to balance the changes of orbital angular momen-
tum brought about by such a wave. Instead, we note that §*#t is a function of Q,
and as a packet moves in the y direction, the spin associated with it varies,
compensating for the changes in orbital angular momentum. In a time-periodic
Rossby wave there will be y divergence of wave spin flux if there is a ¥y component
of group velocity.

5. Plasma waves

We now derive the spin relationships for electromagnetic radiation in a cold
collisionless plasma with one mobile ion species. We shall assume a mean mag-
netic field B and perturbations in the following quantities: A = vector potential,
¢ = scalar potential and § = plasma displacement, from which we can derive
perturbations in the electric field intensity

E=-V.¢g—c10A]dt, (45)
magnetic field intensity
H=VxA, (46)
current density
J = pem-1E, (47)
and electric charge density
Pe= -pem_lv'g’ (48)

where p, = ion mass density, ¢ = ion charge, m = ion mass and ¢ = speed of
light.

The variational principle for electromagnetic radiation is normally developed
in Lorentz co-ordinates, where x? = ict rather than ¢{. We define the four-vectors

Vr=dn, In=Jr, Vi=ig, It =icp, (49)

and the four-tensor
frr=vV,-V (50)

The wave Lagrangian density is

wpe

L=~—f’“ o4 "” (B — g - P e 1 P, empBs. (51)

The Euler-Lagrange equations which follow from (51) are
ofw|ox” = dme 1A, (52)
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which are Maxwell’s equations, and
— %l = —ipem (VT — V) — 0€,ngs 8 B)- (63)
In real space-time co-ordinates, the latter equation becomes
P&t = pem™t [E™ + (§;, x B)™]. (54)

This equation expresses the acceleration of the plasma in response to electric
and magnetic fields.
The wave-stress tensor for the entire system is

T"m=— = (Ve V- V) - gnw 8, L. (55)

mn

We can write the mean of 7™ in more familiar terms. One can show that (Morse
& Feshbach 1953, p. 329)

(VT = Vi = — o frofry 4 (VmIny
- (E"'E"+H’"H">—<%)§ 275+ (o (Zgmvm) ), (50)

where we denote averaging by angular brackets. The last term of (56) becomes
zero on averaging over a periodic wave. Similarly,

~(Egrey-(Eprs) 57

and the average of L is zero. Thus

N\ — 1 n m _7;,0_6 m 4
(T = (BB + By~ (T V- V3)). %)
But
—i(VT—Vn) = B (59)
and pem~1Er = 47 P™, (60)
where P is the electric polarization. As the electric displacement D is given by
D=E+P, (61)
we can show that
Tmn = (4m)~WE™D™ + H™H™). (62)

The wave-stress tensor is asymmetric when D and E are not collinear, that is to
say, when the tensor dielectric coefficient of the system has off-diagonal terms.
The wave spin tensor has components

che

gmnd = I [ — pkigi + V’»fﬂ‘l §1 Vi+——¢,, 52 BS] s (63)

Smna = 1,,,,”.,[ yifin 2 giyag, ] (64)
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The first component of spin density in (63) represents the effect of elliptical
particle orbits. The second represents the angular momentum density of electro-
magnetic radiation in vacuo. Circularly polarized radiation has an angularmomen-
tum density equal to the radiation energy density divided by wave frequency,
and having the same sense of rotation as the electric and magnetic field vectors
(Crawford 1965). We have not attempted tointerpret the remaining terms, except
to note that the final term is analogous to that of a rotating system. The cyclo-
tron frequency peB/m is equivalent to the rotation frequency Q.

The wave torque is

G = LyigiopeBom €5, (EE" — £iEF) (65)
= Lynij€ius(E* — E4J%) BE.
If the magnetic field ig in the 2z direction,
G = 0 (66)
and Gr> = (EvJe— £2JY) B2 (67)

But £vJ? — £2J7 is simply a component of the magnetic moment created by motion
of the charged plasma particles in elliptic orbits, and the wave torque is simply
the cross-product of the wave magnetic moment with the mean magnetic field.
Thus it is possible for a wave to couple angular momentum to the mean magnetic
field, and ultimately back to the sources of this field.

6. Conclusions

We have shown through a number of examples that asymmetric wave-stress
tensors are not inconsistent with the interpretation of the wave-stress tensor
as the negative of a momentum flux. The quadratic quantities wave-spin density,
wave-spin flux, and wave torque generally have simple and straightforward
physical interpretations. This is not to say that they can be related to the total
momentum budgets of a nonlinear system, only that such budgets may be drawn
up consistently with the linearized equations for waves.

Conservation of angular momentum can be related through Noether’s theorem
to invariance of the Lagrangian density to infinitesimal rotations (Bogoliubov
& Shirkov 1959). The examples we have discussed all involve symmetry about an
axis defined by the gravitational force, rotation or the alighment of a magnetic
field. As in each case our Lagrangian is invariant to rotation about the axis of
symmetry, we find that angular momentum about this axis is conserved. This
principle should hold fornonlinear as well aslinearized systems ; we anticipate that
conservation of angular momentum about an axis of symmetry also should hold
for resonant wave interactions and turbulence.
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